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ABSTRACT

In this papexr we have obtained the conditions of the limiteness
and the asymptotics of the discrete spectrum of many-particles
hamiltonianas with a homogeneous megnetic field. We have investi-
gated the spectrum in the spaces of the given permutational and-
especially - S0(2) symmetry. Such an approach permitted to discus
the systems without external potential field and without the sup-
position that all particles are identical.

* S.A.Vugalter - Applied Physics Instf%ute, AS USSR



1. In this preprint a new approach is proposed for the investiga-
tion of the spectrum N ~-particles Schrodinger operator with a ho-
mogeneous magnetic field. This approach permits us to obtain for
the first time the results on the discrete spectrum of Hamilto-
nians when the external potential field is absent and not all the
particles are identical.

Let us discuss the mergy operator of a quantum system of parti-

cles in a homogeneous magnetic fiold'
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After the separation of the centre-of-mass-motion oyer the direc~-
tion of the magnetic field vector (the direction of X -axis) we
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where M = %.ma, (W ZM'ma.r'.

and the opoz-ator H is indepgndent of § é

The equality (1) demonstrates that the study of the spectrum of
x ie reduced to the investigation of the operator spectrum H.
If all particles are identical, the investigation can be realized
after separation of the centre-of-mass motion in the plane X , 3 .
As a result, we shsll get the operator H o » the spectrum of which
can be investigated by the method of /1/*. If not all particles
are identical, this separation of the centre-of-mass motion is
impcssibles, But witkout such separation the investigation of the
digcrete spectrum of the operator H from (1) is practically
unreal, tecause for the operator H , HVZ-theorem may be incor-
rect. The single result on the spectrum of H in the generel si-
tuation has been established in /2/, where a procedure of the se-
paration of some variables was suggested which substituted the se-
paration of the centre~of-mass motion in the magnetic field. This
method and the result of its application to the operator H - ope~
rator H R " depend esr?entially on the equality or inequality to

zero of the quantity Z €. . For the operator H R in /2/ the

3

=1
version of Hvz-theorezg is proved. Other results on the spectrum

of HR are absent.

A completely another approach is proposed by the authors to
study the discrete spectrum of H . This approach is based on
the utili zation of 50(2) symmetry of H . In this preprint it
is_demonstrated that HVZ-theorem is correct for the restrictions
of the operator H on the space B( m) of functions transformed

* The suthors? results on this subject are to be published.,



according to the representation of an arbitrary fixed weight m
of the group S0{2). Consequently, instead of the procedure of the
separation of some variables one can use the procedure of the
restriction H on the space B(m). Purther we formulate the re-
sults of the investigation of the discrete spectrum H on ™ :

i) the reduction of the many-parxticle problem to two-particle

one (theorenm 2).
ii) The conditions of the finiteness of the discrete spectrum
(theorem 3).

iii) the spectral asymptotics (theorem 4).

A1l results are obtained with taking into account the permuta-
tional symmetry.
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The operator H with the domain CO(RO) is essentially self-ad-
joint in &Z(QO). Yo extend it to a self-adjoint operator saving
the previous notation.
Let Z 2 = ( C sz) be the erbitrary decomposition of the initial
system Z = ({
1
t .
oma Ci’ Cz

,...,n) into two unempty nonintersecting subsys-
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H [C ] be the energy operator of subgystem (. in the field
BR= {0 g 8} H [C)] i3 written after the separation of the center-
of-mass motion in the direction of Z -axis;
H(z,) = H [c J+H [C ]  be the Homiltonian of the com-
pound aystem Zz ; it is defined on R (Z)
Let further § , S0(2)» W be respectively the groups of the
permutations of the identical particles from Z rotations in Rs
around Z ~-asis, the reflections Zes-~-Z in Q s &, M,
() be the types of the irreducitle representations Q)d, 9(m)
and Q W of these groups by the operators T in Q » where
Ta@ir=9(q '¥). §ES, GE S0(2),gEW . We denote vy P2 p™
and P the projectors in i (R ) on the subspaces of functions
tranaforming by operators accord:.ng to the representations of
the types of &k , M , W , respectively,
Let & = (a,m) °r6“’dmw). 6=H;>°‘P
6 = (a,m), and H =HPp o("')P it 6 = Cd,m,w).rhe

purpose of our wark ls the investigation of the discrete spect-
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‘Tum of the operator HS .
Let Z = (C"Cz) S [ C. J be the group of all permutations
ot identical particles of the subsystem C. . Let S(Z ) be. the
group generated by the group S [C1] x S[Cz] and by the per—
mutation C - C 1r the aubsy:tems c,, C, are identical
(C,~Cz) ; and let a,m , . be the types of irredu-
cible representations of the groups S(Z), S0(2) ama Wz vy
the operators |, in iz(Ro(Z)). When C;" C,, we denote by d;
the type of such a one~-dimensional representation of the group S,
when the number -1 corresponds to the permutation C1“Cz’ eand
the mn:bor 1 corresponds to all permutations SE S [C‘]"SF Cz].
Let —ck be the type of (irreducible) representation of the
group § which is the d:.rect product of representations & and
ol:; ir CqGC we write —g = o .

Let Tn a be the multiplicity of the representation d in
the representation ok after the restriction of the 1attor from

S to scz)

We write further
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(, m)< (a,m) i mmm.et,m; ,
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" A A . o A
(d,m,QD)'< (d,m,w) 1f ma 31, m=m, w=w
od A A
or T .é1, m=m, wW=-W.
'\ A A a

We set 6—-(0\ m)ité=(am), 6 = (a, M, W), when
6 =(a ,m,w) , 6 is the projector in Jo (R (Z))on the
subspace of functiouns trensforming by the operators T accor-
ding to the representations of the type 6 . Let H ( )=H(Z)P

- P & ..
H(6,2) ’é(%ié H®(Z), pu mif inf H($;2).



Theorem 1 (HVZ). Thes essential spectrum of the operator H6 con~

sists of all points of a half-line [‘}.16, +c0 ) -

4. We suppose further that V (lr ) =e. .€: Ir‘ | it lr‘l)Cfor
some C>0, ¥ >0 . Let O(o)—- {z lmjucs z ) Ju}

Zverywvhere in this preprint we suppose the operator H(é’ Zz) has

unempty discrete spectrum for any Z EO(é).

We denote the decompositions Z° Z by the equivalent
ones if Z can bs constructed from Z by permutations of the
identical particles. Then the set (&) is dbreaking into the
classes Oi (6), v= 1,2,,,,,;(0 of the equivalent decompositions.
Choose arbitrery Z, =(C,., CZL) € 0;(6) and denote by
w(é) z 29 the eigenspace of the operator H(é’ZZ.L),which cor-
responds to the number M .

Let for every class O- (6)

6 =4; (2'2;) =(a. M. ) j=1 3 be all the types of the
smnetry for which pta w(6 Zzu) #0 » 2;; be the multi-
plicity of the representationé 3 in w(é ZZL)

d:@y=5T z i +m?, Yar 6 = Ca,m),

d(é)' zgamj l'33,1‘6 (dmcb)hre a4 =d

.. L7

~h;e(nz)w u.)3 d& =-d‘,3. for w;.= - w, .
Ht G(zu)h;l”(_,e IR0 % e 1512 b,

Vf. (%) =0 if 15| < 52 , where 6& are

some constants;
-‘-’-2 when A) or B) is correct:

z) A1) functions from U (6 ZZ ) with the seme type of the per-
mutational symmetry bave the seme parity;

3Q [01‘-'] =Q [Cz."]
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a; = 1 " for all othsr cases. dl «»

We denote by h (V‘) the operator M(Z )d§z+v ®, (GR
by N ()‘ VJ) and N (,u + \) the numbers of the eigen-
valuea with account of multiplicity of the operators h. (Vf)and
H6 which are less or equal, respectively than A and M Y ,
A<O.

Theorem 2, Let G =(a,m)or 6 = (d m, w) . Thou for some c> 0
-Cc+ Zd (ON, AV = N SCubaN) £ Zdtce)n OV )*c.
5. Let e uso theorems 1 2 and apply the known results /4/ to the
spectrum of one-dimensional operators. Then we obtain the assger-
tions of the finiteness of the discrete spectrum and gpectral
agymptotics for the operator H6.

Let 6 =(a,m) or & =(a m,w)be arbitrary types of

the symmetry.

Theorem 3, The discrete spectrum of the operator I-!6 is finite
if ¥ >2 or if for every Zzi , L= 1’2"_.,.(° at least one of
the next conditions is fulfilled 1) - 4):

NDA(Z,)>0, 2 Q(Z,)=0em y > 1, . 3)QAEN=0
and for the decompsition Z. the requirement 4) or B) sec 4
1s valid, 4) Q(Z,)>~ ZMCZ Jend ¥=2.

Theorem 4, Let x >0 and Q(ZZL) <0 at any rate for
one number |, - Then ror small l}\l

NS+ \)= IM“ "’?a: d,©MeYiaE ! v g,
where & = 0(£n|,\|) :er"x‘ 2 { orif forall Z gy for
which Q (Z, ) <0 the requirements A) are fulﬁncd,
R= O(I)\l(l"')/zl) for all other cases,

I=y j(u1) W .

let us note thmt from tHeoremw 3, the finiteness of the discrete



spectrum for Hamiltonians of molecules in the field B follows,
if all ZzE 0 (6) are decompositions into 2 stable neutral systems;
theorem 4 gives the asymptotic of the discrete spectrum specially
for the energy operators of atoms, its (+) ions, and of such mo-
lecules for which the set (J(&)scontains the decomposition into
two subsystems with changes of the opposite signs.
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